Recycling of quantum information: Multiple observations of quantum clocks 
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How much information about the original state preparation can be extracted from a quantum 
system which already has been measured? That is, how many independent (non-communicating) 
observers can measure the quantum system sequentially and give a nontrivial estimation of the 
original unknown state? We investigate these questions and we show from a simple example that 
quantum information is not entirely lost as a result of the measurement-induced collapse of the 
quantum state, and that an infinite number of independent observers who have no prior knowledge 
about the initial state can gain a partial information about the original preparation of the quantum 
system. 

PACS numbers: 03.65.Bz, 42.50.Ar 



From the deterministic measurement model employed 
in classical physics it follows that the state of the physi- 
cal system is not affected by measurement. That is, in- 
formation about states of the system can be determined 
with an arbitrary precision. Formally, from a kinematical 
point of view, this can be expressed as follows: in clas- 
sical physics there are measurements (to) for which the 
statistics of the measurement results (r) characterized by 
the conditional probability distribution p m (r\s) can be, 
for all possible states s of the given classical system, of 
the form 



Pm(r\s) = S(s r - s). 



(1) 



Moreover, these measurements do not change the state of 
the classical system, so an arbitrary number of indepen- 
dent observers (i.e. observers who do not communicate) 
can determine the state. 

The standard Copenhagen interpretation of quan- 
tum mechanics is deeply rooted in a model of non- 
deterministic statistical measurement jjj . From the kine- 
matical point of view the quantum theory models (pre- 
dicts) the statistics of results registered by a measuring 
device when the measurement is performed on a quantum 
object. Within this non-deterministic model of measure- 
ment the conditional probability distribution p m (r\s) can 
never be of the form (|l|) for arbitrary initially unknown 
states of a quantum system. In quantum mechanics the 
conditional probability distribution p m (r\s) is given by 
the expression 



Pm(r\s) = Tr O r p 



(2) 



where the set of positive operators O r which sum up to 
the identity operator (i.e., the POVM) models the mea- 
suring device and the density matrix characterizes the 
state of the quantum object being subject of the mea- 
surement. 

The axiomatics of quantum theory implicitly require 
that the state of the system is changed during measure- 



ment. Otherwise, repeated measurements of the previ- 
ously measured but unchanged quantum state could re- 
veal yet more information about the state. Consequently, 
the measurement model would eventually be equivalent 
to the standard deterministic measurement model of clas- 
sical physics. Therefore there is an additional rule which 
excludes the possibility of repeated measurements. This 
additional principle is the well known von Neumann pro- 
jection postulate. 

Nevertheless it is an interesting question to ask how 
much information about the original state is "left" in the 
system which already has been measured. That is, how 
much information about the preparation can be extracted 
from the system by a second observer who does not com- 
municate with the first observer. A further question we 
would like to understand is whether from the axioms of 
quantum theory we can obtain a "classical-like" picture 
when a physical system in an unknown state can be re- 
peatedly measured, yet still retain information about the 
original state preparation. In what follows we analyze a 
simple example which illuminates these two questions. 

First we specify the task of a measurement. In mea- 
surement we wish to determine some parameters of the 
state of a quantum system which correspond to a sym- 
metry group. As an example, consider the position mea- 
surement which is connected with the group of transla- 
tions, or measurement of the angle of orientation con- 
nected with the group of rotations. In what follows we 
analyze the simplest example of a continuous parameter 
ip € (0,27r), the phase, which parameterizes the group 
of rotations in the two-dimensional space of the U(l) 
group. To make our discussion more physical we consider 
a model of optimal quantum clocks discussed in our pre- 
vious work We will analyze the situation when the 
observers have no a priori knowledge about the original 
state preparation. This means that the prior phase dis- 
tribution is constant and equal to l/2n 

In our previous paper we studied the problem of build- 
ing an optimal quantum clock from an ensemble of N ions 
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||. In particular we assumed an ion trap with N two- 
level ions all in the ground state \^f) = |0) <£>... (g> |0). 
This state is an eigenstate of the free Hamiltonian and 
thus cannot record time (phase). Therefore the first step 
in building a clock was to bring the system to an appro- 
priate initial (reference) state Q which is not an energy 
eigenstate. For instance, one can apply a Ramsey pulse 
whose shape and duration is chosen such that it puts all 
the ions in the product state 



n = p 



(3) 



with p = \ip){^)\ and \tp) = (|0) + |1))/V2. After 
this preparation stage, the ions evolve in time accord- 
ing to the Hamiltonian evolution f2(i) = U(i)ClU' (t), 
U(t) = exp{— itH} (we use units such that h = 1). 
Therefore these ions can be viewed as a time-recording 
device. The task is to determine this time t (or equiva- 
lently the corresponding phase) by carrying out a mea- 
surement on the ions. Note that because of the indeter- 
minism of quantum mechanics it is impossible, given a 
single set of N two-level ions, to determine the elapsed 
time with certainty. As we have shown earlier Q one can 
find an optimal measurement (see below) with the help of 
which information about the phase can be most optimally 
"extracted" from a system of N identically prepared spin- 
1/2 particles. The ability of the system to retain infor- 
mation about the phase (time) depends very much on 
the choice of the initial reference state Ct. For instance, 
if this state is an eigenstate of the total Hamiltonian, the 
system is not able to record (keep) time information. In 
Ref. Q we addressed the question of which is the most 
appropriate initial state Cl of N spin-1/2 particle which 
"keeps" the record of phase in the most reliable way. In 
other words, what are the optimal quantum clocks and 
what is the performance of such quantum clocks when 
compared with classical clocks. 

In the present paper we investigate another aspect of 
this comparison. Namely, we discuss the "robustness" of 
quantum clocks with respect to repeated measurements 
performed on them. Classical clocks, as all classical ob- 
jects, do not change their state or behavior when they 
are observed. As we stated above this is no more true for 
quantum objects. This has consequences for the func- 
tioning of our proposed quantum clocks. In particu- 
lar, one can ask whether quantum clocks may be robust 
enough in the sense that repeated readout of the time, 
let us say by many independent and non-communicating 
observers, can provide reliable information (if any) about 
the time to all of them. In order to find quantitative an- 
swers to our questions let us recall briefly the details of 
how time is read out from our quantum clocks. 

In general, a quantum-mechanical measurement is de- 
scribed by a POVM |,|,| which is a set {4-)>=i of 
positive Hermitian operators such that J2 r O r = 1, Be- 
cause such measurement is in general non-deterministic, 
to each outcome r of the measurement we associate an 
estimate t r of the time elapsed. The difference between 



the estimated time t r and the true time t is quantified by 
a cost function f(t r — t) ||. Here we note that because 
of the periodicity of the clock, / has to be periodic. We 
also take f(t) to be an even function to ensure a non-zero 
average. Our task is to minimize the mean value of the 
cost function 



/•2-7T J, 

f = J2 Tr[6 r m]f(t r -t) — . 



(4) 



Following Ref. |2j we expand the cost function in a 
Fourier series: 



f(t) = wq — Wk cos kt. 



(5) 



k=l 



The essential hypothesis made by Holevo [p| is the pos- 
itivity of the Fourier coefficients: Wk > 0, [k = 1,2,...) 
Without loss of generality (see Ref. ^]) we can assume 

the initial (reference) state 0, = IV'XV'li IV') = E™ a m\m) 
to be a pure state (in what follows we make a phase con- 
vention such that real and positive). In this case 
for the mean cost (^) we find the bound Q 



^ oo 



(6) 



fc=i 



In this last expression, equality is attained only if the 
measurement is of the form 



O r =p r |1V)(4v| ; 
with p r > and J2 r O r = i, where 



(7) 
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|* r ) = ^|*o>, |* > = __£|m>, (8) 
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Holevo |6|] originally considered covariant measure- 
ments in which times t r take a continuum of values be- 
tween and 2ir. But as shown in Ref. the complete- 
ness relation can also be satisfied by taking a discrete set 
of times t r = j^, r = 0,...,N. The states |* r ) form 
an orthonormal basis of the Hilbert space, and the corre- 
sponding measurement is therefore a von Neumann mea- 
surement. This is important for applications, because it 
means that it is not necessary to use an ancilla to make 
the optimal measurement. 

We should also note that the states \^ r ) are the eigen- 
states of the Pegg-Barnett Hermitian phase operator . 
For this reason we call them "phase states" . In the ba- 
sis |m) of the symmetric subspace of N two- level ions 
(spin-1/2 particles) they can be expressed as 
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m=0 



2 



The fact that the optimal measurement can be chosen as 
a von Neumann measurement is important for our further 
considerations. This is due to the fact that the state im- 
mediately after the measurement is uniquely determined 
by the von Neumann projection postulate. 

Before we proceed further we turn our attention to the 
fact that from the positivity of Wk it follows that not all 
cost functions are covered by the above result. Specifi- 
cally, the quadratic deviation t 2 cannot be used. On the 
other hand for small t it can be well approximated by 
the cost function 4 sin 2 | ~ t 2 . Therefore, in what fol- 
lows we will use the cost function, 4 sin 2 t/2. In this case 

;^Ai 2 . 

Once we have determined the optimal measurement we 
have to specify the initial (reference) state (i of our sys- 
tem. As discussed in Ref. ||, by an appropriate choice 
of this state one can substantially improve the quality of 
estimation. However, this concerns the estimation per- 
formed by the first observer (see footnote |l|). The sub- 
sequent observers will actually always observe only ro- 
tated phase states. These are generated in the von Neu- 
mann measurement performed by the previous observer 
and subsequent time evolution. Therefore, in order to 
simplify our calculations we will assume that the initial 
(reference) state fl is the phase state Cl = |5'o)(^ , o| given 
by Eq. (§). 

Let us study now how the independent observers mea- 
sure a system of N spin- 1/2 particles initially prepared 
in an unknown state obtained by the rotation of the ref- 
erence state (||). As far as the first is observer concerned, 
the problem has been already solved (see Q|) and the 
mean cost Eq. (|j) can be calculated. For our reference 
state ft — \^>q) ("Jo I the mean cost as a function of number 
N of spin-1/2 particles is given by the expression 



At 2 



f(N; 1) = 2 



1 - 



N 



N+l 



N+l 



(10) 



We see that the mean cost when a single measurement is 
performed (N = 1) takes the value f(N = 1; 1) = 1. On 
the contrary, for N — * oo the mean cost is equal to zero. 
Specifically, for large ./V the variance At goes to zero as 
1/yN. This is far of being optimal 1 . Nevertheless, as 
our task is to study how much information subsequent 
observers can gain we are not over-worried about the op- 
timality of the of the preparation of the reference state. 
Our further result can be understood as a lower bound 



and the optimization can be performed rather straight- 
forwardly anyway. 

Now we turn our attention to subsequent observers. 
We have assumed our observers do not communicate. If 
they do then the first observer can broadcast the result of 
his measurement (or, which is equivalent he can broad- 
cast the orientation of his apparatus) and there is no 
need for subsequent observers to perform any measure- 
ment, because they know that they cannot perform bet- 
ter than this first observer. To describe the mean cost 
of the estimation of subsequent observers, we have to 
modify in Eq. (JI|) the conditional probability distribution 
Pi(r\t) = Tr[O r Sl(t)] characterizing the measurement 
statistics of the observer. This is because the (k + l)-st 
observer does not observe the original state tt(t). He can 
only measure the state generated via the measurement 
performed by the previous fc-th observer. In addition, 
the following random factors enter the game: Firstly, the 
(k + l)-st observer does not have full information about 
the choice of the measuring apparatus of the fc-th ob- 
server. Although all observers posses the optimal mea- 
suring apparatus of the same construction ( correspond- 
ing to the optimal von Neumann measurement) there is 
one parameter they can choose at random. Namely, if 
we take the POVM characterized by the set of projec- 
tors O r = |\E , r .)(^v|, r = 0, ... ,7V and we rotate them 
all by the same transformation U(a) = exp{— iaH} we 
get a new POVM 6* = U{a)6 r U\a) which also cor- 
responds to the optimal measuring apparatus. It is this 
information about the angle a 1 G (0, 2it) characterizing 
the "actual orientation" of the fc-th measuring apparatus 
which is not available to the (k + l)-st observer. The 
second piece of information which is not available to the 
(k + l)-st observer is, which of the possible outcomes r' 
of the measurement was detected by the fc-th observer. 
Finally, the actual time t' when this measurement was 
performed is also unknown (however, as we will see in 
a moment, this is not important for our consideration). 
Taking into account these random factors the required 
conditional probability distribution pk+i {r\t, a) (we have 
included the parameter a into the conditional probability 
distribution) reads 



N f 27T da' 
Pk+ i(r\t,a) = Y, / Pk(r'\t',a') — 
J^r, Jo 2vr 



1 As shown in Ref. [2] in order to make this variance minimal 
we should take the reference state to be 

j— N 

IT , V2 . w(m+l/2). . 

V m = 

— 2 

In this case the cost decreases for large N as f opt — nv^Fip 
corresponding to At op t m (n+i) • 
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x Tr 



6? U{t-t')6^U\t-t') 



It is easily seen that this can be simplified as 



p k+1 {r\t,a) = Tr fl k+1 {t) 6« 



where 



fc+i 



N 

r>=0 J ° 



Pk (r'\t,a') 6 a r , 



, da' 
~2n 



(12) 



(13) 



(14) 



The last transformation is possible because pk(r'\t' , a') = 
Pk{r'\t, a' + t — t') and the integration with respect to a' 
ensures that the shift (t — t') is irrelevant. 

Using the iterative definition given by Eqs. ( |i~3| ) and 
( |j~4| ) together with the definition for the mean cost (Q) 
we calculate the precision of the measurement of time 
performed with the quantum clocks as a function of the 
number of qubits ./V and the number of subsequent ob- 
servers k: 



At 2 



f(N; k) 



N 



N + l 



(15) 



This is the main result of our paper. We stress that the 
above result holds for the reference state corresponding 
to the phase state (@) and the case that observers have no 
a priori knowledge about the initial state preparation. It 
can be generalized to the case when the initial reference 
state is take to be the optimal state ([ll]) - unfortunately 
in this case we are not able to find a solution in an elegant 
closed analytical form. 

Let us summarize our result: We have shown that 
quantum information can be recycled in a sense, that by 
performing a measurement on quantum systems which 
have already been measured independent observers can 



still obtain non-trivial information about the original 
preparation of the quantum system (i.e. the quantum 
information). The larger is the ensemble ( N) the more 
robust is the quantum system with respect to subsequent 
measurements. Obviously, as follows from Eq. ( |i~5| ) for 
the (k + l)-th observer the mean cost of the estimation 
will be larger than for the fc-th observer. From the point 
of view of information stored in the system, in the large- 
TV limit the quantum system behaves very classically, i.e. 
an infinite number of independent observers who have no 
prior knowledge about the state preparation can precisely 
measure the state of the system. 
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